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Abstract: Ionosphere and troposphere delays greatly impact position accuracy in long baseline NavIC/GNSS 

relative positioning. In this paper, we describe algorithms for relative position computation using Real Time data 

that simultaneously estimate troposphere and ionosphere delays and their gradients, and are optimized for long 

baselines. We also reenter various dynamical models of the rover station for Kalman filter use. Relative 

positioning experiment results for different baselines (short, medium, and long) are presented with NavIC data 

from four different receiver stations in India. 
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1. Introduction 

As the ionosphere and troposphere delays show 

significant discrepancies between reference and 

rover receiver stations of NavIC/GNSS, conventional 

single and double difference approaches [1-3] 

become inadequate for medium and long baselines 

exceeding 20 kms. The authors developed innovative 

methods for long baseline relative positioning in 

order to overcome this difficulty. These algorithms 

integrate ionospheric delay and tropospheric delay as 

dynamic variables within a Kalman filter framework. 

By treating these delays and their gradients as state 

variables, the algorithms aim to swiftly and accurately 

estimate their variations across both reference and 

rover stations. 

Earlier research modelled troposphere delays by 

splitting the overall delay into wet and zenith 

hydrostatic delays, which were then adjusted using 

mapping functions [4-5]. Zenith wet delay was 

considered as an adjustable parameter calculated 

during positional computations, while zenith 

hydrostatic delay was handled as an exact fit using 

the Saastamoinen model. Using an inhomogeneous 

mapping function, the current study expands on 

previous research by examining horizontal 

differences in troposphere delays inside the lower 

atmosphere. In order to minimize the horizontal 

components of troposphere delays and improve 

horizontal positioning accuracy, this function includes  

 

a first-order gradient to account for water vapour 

deformation. To mitigate ionosphere delays, several 

methods exist. On the other hand, the Klobuchar 

model, which peaks at 14:00 local time, depicts the 

zenith ionosphere delay as a half-cosine function 

during the day and a constant value at night. 

However, it only mitigates about 50% of the 

ionosphere delay Root Mean Square Error (RMS) [6]. 

The IGS (International GNSS Service) provides total 

electron content (TEC) of the ionosphere globally 

through its Global Ionosphere Model (GIM). This uses 

the same GPS dataset and ephemeris but produces 

better results than the Klobuchar model. 

Similarly to the troposphere delay estimates, the 

authors also incorporate ionosphere effects into the 

positioning model [4-5].  At reference and rover 

stations, zenith delays and mapping functions are 

used, delays for all satellites are simulated. Zenith 

ionosphere delays are converted to slant delays using 

mapping functions. An inhomogeneous mapping 

function accounts for east and north horizontal 

gradients, with the Kalman filter employed to 

estimate ionosphere delays and horizontal gradients. 

This study assumes that both the horizontal gradients 

and zenith ionosphere delay adhere to a first-order 

Markov process or Brownian motion. The proposed 

long baseline relative positioning algorithms enable 

prompt and precise positioning by estimating 

ionosphere and troposphere delays along with their 
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gradients. Experimental results are presented under 

various conditions, and different baseline lengths. 

2. Mathematical Model  

In this paper we consider the mathematical models 

that may be used to both static and kinematic 

position, for integrated pseudo range and carrier 

phase measurements involving a receiver (u) and a 

satellite (p). The consequent double-differenced 

pseudo ranges 𝜌𝐶𝐴,𝑘𝑢
𝑝𝑞

 and  𝜌𝑃𝑌,𝑘𝑢
𝑝𝑞

 are obtained when 

satellites ‘𝑝’ and ‘q’ provide pseudo range and carrier 

phase readings to receiver’s ‘𝑘’ and ‘𝑢’ respectively. 

Also, the double-differenced carrier phases  𝜙𝐿5,𝑘𝑢
𝑝𝑞

, 

𝜙𝑆1,𝑘𝑢
𝑝𝑞

 based on L5 and S1 frequency bands are 

formulated as follows [7-9]. 

 

𝜌𝐶𝐴,𝑘𝑢
𝑝𝑞 (𝑡) = 𝑟𝑘𝑢

𝑝𝑞(𝑡) + 𝛿𝐼𝑘𝑢
𝑝𝑞(𝑡) + 𝛿𝑇𝑘𝑢

𝑝𝑞(𝑡)

+ 𝑒𝐶𝐴,𝑘𝑢
𝑝𝑞 (𝑡)    (1) 

𝜌𝑃𝑌,𝑘𝑢
𝑝𝑞 (𝑡)

= 𝑟𝑘𝑢
𝑝𝑞(𝑡) +

𝑓1
2

𝑓2
2 𝛿𝐼𝑘𝑢

𝑝𝑞(𝑡) + 𝛿𝑇𝑘𝑢
𝑝𝑞(𝑡)

+ 𝑒𝑃𝑌,𝑘𝑢
𝑝𝑞 (𝑡)                                               (2) 

𝜙𝐿5,𝑘𝑢
𝑝𝑞 (𝑡) = 𝑟𝑘𝑢

𝑝𝑞(𝑡) − 𝛿𝐼𝑘𝑢
𝑝𝑞(𝑡) + 𝛿𝑇𝑘𝑢

𝑝𝑞(𝑡) + 𝜆1𝑁𝐿5,𝑘𝑢
𝑝𝑞

+ 𝜆1

∈𝐿5,𝑘𝑢
𝑝𝑞 (𝑡)                                        (3) 

𝜙𝑆1,𝑘𝑢
𝑝𝑞 (𝑡) = 𝑟𝑘𝑢

𝑝𝑞(𝑡) −
𝑓1

2

𝑓2
2 𝛿𝐼𝑘𝑢

𝑝𝑞(𝑡) + 𝛿𝑇𝑘𝑢
𝑝𝑞(𝑡)

+ 𝜆2𝑁𝑆1,𝑘𝑢
𝑝𝑞

+ 𝜆2

∈𝑆1,𝑘𝑢
𝑝𝑞 (𝑡)                                        (4) 

Where 

𝛿𝐼𝑘𝑢
𝑝𝑞(𝑡) = (𝛿𝐼𝑘

𝑝
− 𝛿𝐼𝑢

𝑝
)

− (𝛿𝐼𝑘
𝑞

− 𝛿𝐼𝑢
𝑞
)                               (5) 

𝛿𝑇𝑘𝑢
𝑝𝑞(𝑡) = (𝛿𝑇𝑘

𝑝
− 𝛿𝑇𝑢

𝑝
)

− (𝛿𝑇𝑘
𝑞

− 𝛿𝑇𝑢
𝑞
)                         (6) 

𝑁𝐿5,𝑘𝑢
𝑝𝑞

= (𝑁𝐿5,𝑘
𝑝

− 𝑁𝐿5,𝑢
𝑝

)

− (𝑁𝐿5,𝑢
𝑞

− 𝑁𝐿5,𝑢
𝑞

)                      (7) 

𝑁𝑆1,𝑘𝑢
𝑝𝑞

= (𝑁𝑆1,𝑘
𝑝

− 𝑁𝑆1,𝑢
𝑝

)

− (𝑁𝑆1,𝑘
𝑞

− 𝑁𝑆1,𝑢
𝑞

)                      (8) 

𝑒𝐶𝐴,𝑘𝑢
𝑝𝑞 (𝑡) = (𝑒𝐶𝐴,𝑘

𝑝
− 𝑒𝐶𝐴,𝑢

𝑝
)

− (𝑒𝐶𝐴,𝑘
𝑞

− 𝑒𝐶𝐴,𝑢
𝑞

)                  (9) 

𝑒𝑃𝑌,𝑘𝑢
𝑝𝑞 (𝑡) = (𝑒𝑃𝑌,𝑘

𝑝
− 𝑒𝑃𝑌,𝑢

𝑝
)

− (𝑒𝑃𝑌,𝑘
𝑞

− 𝑒𝑃𝑌,𝑢
𝑞

)               (10) 

∈𝐿5,𝑘𝑢
𝑝𝑞

= 𝜆1[(∈𝐿5,𝑘
𝑝

−∈𝐿5,𝑢
𝑝

)

− (∈𝐿5,𝑘
𝑞

−∈𝐿5,𝑢
𝑞

)]                 (11) 

∈𝑆1,𝑘𝑢
𝑝𝑞

= 𝜆2[(∈𝑆1,𝑘
𝑝

−∈𝑆1,𝑢
𝑝

)

− (∈𝑆1,𝑘
𝑞

−∈𝑆1,𝑢
𝑞

)]                  (12) 

 

In this context, ‘t’ represents the signal reception 

time, while f1 and f2  denote the L5 and S1 carrier 

frequencies, specifically 1176.45 MHz and 2492.028 

MHz respectively. The terms Iku and Tku correspond to 

the double-differenced ionosphere and troposphere 

propagation delays. The observation noises are 

represented by ∈𝐿5,𝑘𝑢
𝑝𝑞

, ∈𝑆1,𝑘𝑢
𝑝𝑞

. The uncertainty of the 

L5 and S1 carrier phases at the beginning time is 

linked to the unknown integer ambiguities, 𝑁𝐿5,𝑘𝑢
𝑝𝑞

 and 

𝑁𝑆1,𝑘𝑢
𝑝𝑞

.  The wavelengths of the L5 and S1 wave 

carriers are indicated by λ1 and λ2. 

𝑟𝑢
𝑝(𝑡) denotes the distance from satellite p to  

receiver u at time t-τp and at time t, where τp 

represents the travel time of the carrier signal. 

 

 

𝑟𝑘𝑢
𝑝𝑞

=(𝑟𝑘
𝑝

− 𝑟𝑢
𝑝

)- (𝑟𝑘
𝑞

− 𝑟𝑢
𝑝

) 

={
√(𝑥𝑘 − 𝑥1)2 + (𝑦𝑘 − 𝑦1)2 + (𝑧𝑘 − 𝑧1)2 − 

√(𝑥𝑢 − 𝑥1)2 + (𝑦𝑢 − 𝑦1)2 + (𝑧𝑢 − 𝑧1)2
} −

{
√(𝑥𝑘 − 𝑥𝑞)2 + (𝑦𝑘 − 𝑦𝑞)2 + (𝑧𝑘 − 𝑧𝑞)2 − 

√(𝑥𝑢 − 𝑥𝑞)2 + (𝑦𝑢 − 𝑦𝑞)2 + (𝑧𝑢 − 𝑧𝑞)2
}                     (13) 

Consequently, the approximate value of uP=𝑢̂𝑝for the 

first-order Taylor sequence estimate of Formula (13) 

can be represented as follows: 

𝑟𝑘𝑢
𝑝𝑞

≈ 𝑟𝑘𝑢(𝑗)
𝑝𝑞

+ [
𝜕𝑟𝑘𝑢

𝑝𝑞

𝜕𝑢
]
𝑢=𝑢(𝑗)

2

(𝑢 − 𝑢̂(𝑗))

= 𝑟𝑘𝑢(𝑗)
𝑝𝑞

+ 𝑔𝑘𝑢(𝑗)
𝑝𝑞

 (𝑢 − 𝑢̂(𝑗))              (14) 

In the context of short baselines, the ionosphere and 

troposphere delays present in the measurements are 

assumed to be nearly the same at both the reference 

and rover stations. This allows us to assume that: 

𝛿𝐼𝑘𝑢
𝑝𝑞

≈ 0,

𝛿𝑇𝑘𝑢
𝑝𝑞

≈ 0,                                                                                (15) 

 Hence, equations (1) through (4) can be 

approximated in the following manner: 

                    𝜌𝐶𝐴,𝑘𝑢
𝑝𝑞

(𝑡) ≈ 𝑟𝑘𝑢
𝑝𝑞

(t)+ 𝑒𝑃𝑌,𝑘𝑢
𝑝𝑞

(t)                        

(16) 

                    𝜌𝑃𝑌,𝑘𝑢
𝑝𝑞

(𝑡) ≈ 𝑟𝑘𝑢
𝑝𝑞

(t)+ 𝑒𝑃𝑌,𝑘𝑢
𝑝𝑞

(t)                     (17) 

𝜙𝐿5,𝑘𝑢
𝑝𝑞 (𝑡) ≈ 𝑟𝑘𝑢

𝑝𝑞(𝑡) + 𝜆1𝑁𝐿5,𝑘𝑢
𝑝𝑞

+ 𝜆1 ∈𝐿5,𝑘𝑢
𝑝𝑞 (𝑡)            (18) 

𝜙𝑆1,𝑘𝑢
𝑝𝑞 (𝑡) ≈ 𝑟𝑘𝑢

𝑝𝑞(𝑡) + 𝜆2𝑁𝑆1,𝑘𝑢
𝑝𝑞

+ 𝜆2 ∈𝑆1,𝑘𝑢
𝑝𝑞 (𝑡)            (19) 

Nevertheless, during medium or long baseline 

scenarios, it is not feasible to rely on the assumptions 
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presented in Equation (15). Failure to properly 

eliminate ionosphere and troposphere delays from 

double difference measurements poses a risk of 

degrading positioning accuracy. Hence, we introduce 

long baseline relative positioning algorithms, 

leveraging Equations (1)-(4). We employ parametric 

frameworks for troposphere delay and compute 

ionosphere delays as state variables simultaneously 

at reference and rover sites. 

3. Tropospheric Delay Models:  

3.1 A Review of Approaches Analyzing Hydrostatic 

and Wet Delays:  

The troposphere delay is a major factor for low-

altitude satellites. The troposphere imposes equal 

delays across many frequencies, in contrast to the 

ionosphere, which displays dispersive features. The 

wet delay and the hydrostatic delay are the two main 

parts of the troposphere delay. Because the wet delay 

accounts for 10% of the total troposphere delay, 

modelling it is difficult because of local fluctuations in 

the troposphere water vapor content. On the other 

hand, 90% of the troposphere delay is made up of the 

hydrostatic delay, which is more accurately modelled 

[4]. The zenith hydrostatic delay (ZHD), shown as 

𝛿𝑇𝑧ℎ,𝑢, and the zenith wet delay (ZWD), shown as 

𝛿𝑇𝑧𝑤,𝑢 can be added to provide the zenith total 

troposphere delay (ZTD), abbreviated as STz. Figure 1 

provides an illustration of this relationship [7,10]. 

              𝛿𝑇𝑧,𝑢 =

 𝑇𝑧ℎ,𝑢+𝛿𝑇𝑧𝑤,𝑢                                           (20) 

Subsequently, the total slant delay can be described 

by employing mapping functions in the following 

manner: 

𝛿𝑇𝑢
𝑝

= 𝑀ℎ,𝑢
𝑝

𝛿𝑇𝑧ℎ,𝑢 + 𝑀𝑤,𝑢
𝑝

𝛿𝑇𝑧ℎ,𝑢                                     (21) 

𝑀ℎ,𝑢
𝑝

=
1

sin(𝐸𝑢
𝑝
) +

0.00143

tan(𝐸𝑢
𝑝
)+0.0445

                                     (22) 

𝑀𝑤,𝑢
𝑝

=
1

sin(𝐸𝑢
𝑝
) +

0.00305

tan(𝐸𝑢
𝑝
)+0.017

                                     (23)    

𝐸𝑢
𝑝

denotes the elevation angle of the p-th satellite, 

while 𝑀ℎ,𝑢
𝑝

and 𝑀𝑤,𝑢
𝑝

stand for the mapping values for 

the hydrostatic and wet elements. The Saastamoinen 

model is then used to calculate the zenith hydrostatic 

delay. 

𝛿𝑇𝑧ℎ,𝑢

= 0.002277(1 + 0.0026𝑐𝑜𝑠2∅𝑢

+ 0.00028ℎ𝑢)𝑃0                                   (24) 

The latitude and altitude of the receiver's position are 

denoted by ∅𝑢and ℎ𝑢 [km], respectively, while P0 

[mbar] represents the atmospheric pressure. 

Furthermore, it is thought that the zenith total delay 

is an unknown parameter. 

3.2 Tropospheric gradients 

When utilizing data from low elevations, the 

horizontal troposphere delay's variability becomes 

more significant, leading to challenges in precise 

positioning. Neglecting this variation may result in 

relatively substantial errors in the positioning 

outcomes. 

 
Figure1: Troposphere delay mapping function 

 

Consequently, this study applies the horizontal 

deformation of the tropospheric delay to estimate 

tropospheric delays. Subsequently, tropospheric 

gradients are estimated and corrected using mapping 

functions. The delay in the NavIC signal caused by the 

tropospheric gradient can be represented as follows: 

𝛿𝑇𝐺(𝐸𝑢
𝑝
, 𝐴𝑢

𝑝
)

= 𝛿𝑇𝑛𝑠𝑀𝑇𝑎
(𝐸𝑢

𝑝
)𝑐𝑜𝑠𝐴𝑢

𝑝

+ 𝛿𝑇𝑒𝑤𝑀𝑇𝑎
(𝐸𝑢

𝑝
)𝑠𝑖𝑛𝐴𝑢

𝑝
                   (25) 

Where, 

𝑀𝑇𝑎
(𝐸𝑢

𝑝
)

=
1

𝑠𝑖𝑛𝐸𝑢
𝑝
𝑡𝑎𝑛𝐸𝑢

𝑝
+ 0.0032

                            (26) 

Here, 𝛿𝑇𝑛𝑠 and 𝛿𝑇𝑒𝑤 represent the gradients in the 

north-south and east-west directions, respectively. 

𝐴𝑢
𝑝

 denotes an azimuth, and 
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𝑀𝑇𝑎
(𝐸𝑢

𝑝
)𝑐𝑜𝑠𝐴𝑢

𝑝
, 𝑀𝑇𝑎

(𝐸𝑢
𝑝
)𝑠𝑖𝑛𝐴𝑢

𝑝
 are the 

inhomogeneous mapping functions [5]. 

Consequently, the slant hydrostatic and wet delays 

plus the gradients are added to the slope total 

tropospheric delay from satellite p to receiver u, 

which is represented as 𝛿𝑇𝑢
𝑝

 in Eq. (21), in this work. 

𝛿𝑇𝑢
𝑝

= 𝑀ℎ,𝑢
𝑝

𝛿𝑇𝑧ℎ,𝑢 + 𝑀𝑤,𝑢
𝑝

𝛿𝑇𝑧𝑤,𝑢

+ 𝛿𝑇𝑛𝑠𝑀𝑇𝑎
(𝐸𝑢

𝑝
)𝑐𝑜𝑠𝐴𝑢

𝑝

+ 𝛿𝑇𝑒𝑤𝑀𝑇𝑎
(𝐸𝑢

𝑝
)𝑠𝑖𝑛𝐴𝑢

𝑝
 

Where, 

                 Mh ≡

[
 
 
 
 
 
𝑀ℎ

1

𝑀ℎ
2

.

.

.
𝑀ℎ

𝑛𝑠]
 
 
 
 
 

,𝑀𝑤

[
 
 
 
 
 
𝑀𝑤

1

𝑀𝑤
2

.

.

.
𝑀𝑤

𝑛𝑠]
 
 
 
 
 

                   (27) 

As a result, the tropospheric delay's double 

divergence can be shown as follows: 

𝛿𝑇𝑘𝑢
𝑝𝑞

≡ (𝛿𝑇𝑘
𝑝

− 𝛿𝑇𝑘
𝑝
) − (𝛿𝑇𝑘

𝑞
− 𝛿𝑇𝑢

𝑞
)  

= (𝑀ℎ,𝑘
𝑝𝑞

𝛿𝑇𝑧ℎ,𝑘
. − 𝑀ℎ,𝑘

𝑝𝑞
𝛿𝑇𝑧ℎ,𝑢

. )

− (𝑀𝑤,𝑘
𝑝𝑞

𝛿𝑇𝑧ℎ,𝑘 − 𝑀𝑤,𝑢
𝑝𝑞

𝛿𝑇𝑧ℎ,𝑢)

+ (𝑀𝑤,𝑘
𝑝𝑞

𝛿𝑇𝑧,𝑘 − 𝑀𝑤,𝑢
𝑝𝑞

𝛿𝑇𝑧,𝑢)

+ (𝑀𝑇𝑛𝑠,𝑘

𝑝
𝛿𝑇𝑛𝑠,𝑘

𝑝
+ 𝑀𝑇𝑒𝑤,𝑘

𝑝
𝛿𝑇𝑒𝑤,𝑘

𝑝
)

− (𝑀𝑇𝑛𝑠,𝑢

𝑝
𝛿𝑇𝑛𝑠,𝑢

𝑝
− 𝑀𝑇𝑒𝑤,𝑢

𝑝
𝛿𝑇𝑒𝑤,𝑢

𝑝
)

− (𝑀𝑇𝑛𝑠,𝑘

𝑞
𝛿𝑇𝑛𝑠,𝑘

𝑞
+ 𝑀𝑇𝑒𝑤,𝑘

𝑞
𝛿𝑇𝑒𝑤,𝑘

𝑞
)

− (𝑀𝑇𝑛𝑠,𝑢

𝑞
𝛿𝑇𝑛𝑠,𝑢

𝑞
− 𝑀𝑇𝑒𝑤,𝑢

𝑞
𝛿𝑇𝑒𝑤,𝑢

𝑞
) 

 = (𝑀ℎ,𝑘
𝑝𝑞

𝛿𝑇𝑧ℎ,𝑘
. − 𝑀ℎ,𝑘

𝑝𝑞
𝛿𝑇𝑧ℎ,𝑢

. ) − (𝑀𝑤,𝑘
𝑝𝑞

𝛿𝑇𝑧ℎ,𝑘 −

𝑀𝑤,𝑢
𝑝𝑞

𝛿𝑇𝑧ℎ,𝑢) + (𝑀𝑤,𝑘
𝑝𝑞

𝛿𝑇𝑧,𝑘 − 𝑀𝑤,𝑢
𝑝𝑞

𝛿𝑇𝑧,𝑢) +

(𝑀𝑇𝑛𝑠,𝑘

𝑝𝑞
𝛿𝑇𝑛𝑠,𝑘

. + 𝑀𝑇𝑛𝑠,𝑢

𝑝𝑞
𝛿𝑇𝑛𝑠,𝑢

. ) + (𝑀𝑇𝑒𝑤,𝑘

𝑝𝑞
𝛿𝑇𝑒𝑤,𝑘

. +

𝑀𝑇𝑒𝑤,𝑢

𝑝𝑞
𝛿𝑇𝑒𝑤,𝑢

. )                                                                                      (28) 

Where, 𝑀𝑇𝑛𝑠,∗=

[
 
 
 
 
 
𝑀𝑎𝑧

1 cos𝐴∗
1

𝑀𝑎𝑧
2 cos𝐴∗

2

.

.

.
𝑀𝑎𝑧

𝑛𝑠cos𝐴∗
𝑛𝑠]

 
 
 
 
 

, 𝑀𝑇𝑒𝑤,∗=

[
 
 
 
 
 
𝑀𝑎𝑧

1 cos𝐴∗
1

𝑀𝑎𝑧
2 cos𝐴∗

2

.

.

.
𝑀𝑎𝑧

𝑛𝑠cos𝐴∗
𝑛𝑠]

 
 
 
 
 

                                               

     

 (29) 

 

4. Ionospheric Delay Models 

NavIC positioning encounters significant error from 

the ionosphere, posing a challenge especially for 

single-frequency users who lack the option of an 

ionosphere-free combination. As outlined in section 

1, existing ionospheric models are not robust enough 

to address this issue adequately. Hence, our research 

focuses on utilizing inhomogeneous mapping 

functions to estimate and rectify ionospheric delays. 

 

 
 

Figure 2. Single layer model for ionospheric delay 

 

4.1 Ionospheric Delay  

Expressing the slant ionospheric delay 𝛿𝐼𝑢
𝑝
(𝐸𝑢

𝑝
) 

involves utilizing the zenith ionospheric delay (ZID) 

𝛿𝐼𝑢
𝑝
 and a mapping function 𝑀𝐼,𝑢(𝐸𝑢

𝑝
) 𝛿𝐼.𝑧,𝑢

as shown 

below: 

𝛿𝐼𝑢
𝑝

= 𝑀𝐼,𝑢(𝐸𝑢
𝑝

) 

𝛿𝐼.𝑧,𝑢
                                                            (30) 

 

Where,  

𝑀𝐼,𝑢(𝐸𝑢
𝑝

)=
1

√1−(
𝑅𝐸

𝑅𝐸+𝐻
𝑐𝑜𝑠𝐸𝑢

𝑝
)2

                                                  (31) 

In this context, we apply the single-layer model 

illustrated in Fig. 2. The term RE (approximately 6,371 

kms) represents the mean earth radius, while H 

signifies the height of the single layer. 

 

4.2 Ion-Sphere Difference 

In the preceding section, we enhanced the modeling 

of tropospheric delays by incorporating their 

gradients to improve accuracy. In a similar vein, 

modelling ionospheric delays can be accomplished 

through the use of gradients. The extension 

attributed to ionospheric gradients can be 

represented as per [11-13]. 

𝛿𝐼𝐺,𝑢(𝐸𝑢
𝑝
, 𝐴𝑢

𝑝
)

= 𝛿𝐼𝑛𝑠,𝑢𝑀𝐼,𝑢(𝐸𝑢
𝑝
)𝑐𝑜𝑡𝐸𝑢

𝑝
𝑐𝑜𝑠𝐴𝑢

𝑝

+ 𝛿𝐼𝑒𝑤,𝑢𝑀𝐼,𝑢(𝐸𝑢
𝑝
)𝑐𝑜𝑡𝐸𝑢

𝑝
𝑠𝑖𝑛𝐴𝑢

𝑝
          (32) 
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This investigation, the eastward and northward 

horizontal gradients, denoted as Ins,u and Iew,u 

respectively, are considered alongside the 

inhomogeneous mapping functions 

MI,u(𝐸𝑢
𝑝
) cot 𝐸𝑢

𝑝
cos 𝐸𝑢

𝑝
 𝑎𝑛𝑑 MI, u(𝐸𝑢

𝑝
) cot 𝐸𝑢

𝑝
sin 𝐴𝑢

𝑝
. 

The slant ionospheric delay, denoted as 𝛿𝐼𝑢
𝑝

 in Eq. 

(30), between the satellite p and receiver u is thus 

replaced with. 

𝛿𝐼𝑢
𝑝

= 𝑀𝐼,𝑢(𝐸𝑢
𝑝
)𝛿𝐼𝑧,𝑢 + 𝛿𝐼𝐺,𝑢

𝑝
(𝐸𝑢

𝑝
, 𝐴𝑢

𝑝
)                            (33) 

In this work, we tackle an assessment of ionospheric 

delays by taking into account the gradients and the 

zenith delay of the individual ionosphere single 

discrepancies between two receiver stations as 

unknown parameters. The ionospheric total delay can 

be expressed in the following way:  

𝛿𝐼𝑘𝑢
𝑝𝑞

= (𝛿𝐼𝑘
𝑝

− 𝛿𝐼𝑢
𝑝
) − (𝛿𝐼𝑘

𝑞
− 𝛿𝐼𝑢

𝑞
) 

= {(𝑀𝐼,𝑘
𝑝

𝛿𝐼𝑧,𝑘
𝑝

+ 𝛿𝐼𝐺,𝑘
𝑝

) − (𝑀𝐼,𝑢
𝑝

𝛿𝐼𝑧,𝑢
𝑝

+ 𝛿𝐼𝐺,𝑢
𝑝

)} −

{(𝑀𝐼,𝑘
𝑞

𝛿𝐼𝑧,𝑘
𝑞

+ 𝛿𝐼𝐺,𝑘
𝑞

) − (𝑀𝐼,𝑢
𝑞

𝛿𝐼𝑧,𝑢
𝑞

+ 𝛿𝐼𝐺,𝑢
𝑞

)}- 

= (𝑀𝐼,𝑘
𝑝

𝛿𝐼𝑧,𝑘
𝑝

+ 𝑀𝐹𝑛𝑠,𝑘

𝑝
𝛿𝐼𝑛𝑠,𝑘

𝑝
+ 𝑀𝐹𝑒𝑤,𝑘

𝑝
𝛿𝐼𝑒𝑤,𝑘

𝑝
)

− (𝑀𝐼,𝑢
𝑝

𝛿𝐼𝑧,𝑢
𝑝

+ 𝑀𝐹𝑛𝑠,𝑢

𝑝
𝛿𝐼𝑛𝑠,𝑢

𝑝

+ 𝑀𝐹𝑒𝑤,𝑢

𝑝
𝛿𝐼𝑒𝑤,𝑢

𝑝
)

− (𝑀𝐼,𝑘
𝑞

𝛿𝐼𝑧,𝑘
𝑞

+ 𝑀𝐹𝑛𝑠,𝑘

𝑞
𝛿𝐼𝑛𝑠,𝑘

𝑞

+ 𝑀𝐹𝑒𝑤,𝑘

𝑞
𝛿𝐼𝑒𝑤,𝑘

𝑞
)

+ (𝑀𝐼,𝑢
𝑞

𝛿𝐼𝑧,𝑢
𝑞

+ 𝑀𝐹𝑛𝑠,𝑢

𝑞
𝛿𝐼𝑛𝑠,𝑢

𝑞

+ 𝑀𝐹𝑒𝑤,𝑢

𝑞
𝛿𝐼𝑒𝑤,𝑢

𝑞
) 

≈𝑀𝐼,𝑘
𝑝

𝛿𝐼𝑧,𝑘
𝑝

− 𝑀𝐼,𝑘
𝑞

𝛿𝐼𝑧,𝑘
𝑞

+𝑀𝐹𝑛𝑠,𝑘

𝑝𝑞
𝛿𝐼𝑛𝑠,𝑘

. + 𝑀𝐹𝑒𝑤,𝑘

𝑝𝑞
𝛿𝐼𝑒𝑤,𝑘

. −

𝑀𝐹𝑛𝑠,𝑢

𝑝𝑞
𝛿𝐼𝑛𝑠,𝑢

. + 𝑀𝐹𝑒𝑤,𝑢

𝑝𝑞
𝛿𝐼𝑒𝑤,𝑢

.                                                   (34) 

Where 

𝑀𝐹𝑛𝑠,𝑢

𝑝𝑞

= 𝑀∗
𝑝
𝑐𝑜𝑡𝐸∗

𝑝
𝑐𝑜𝑠𝐴∗

𝑝
                                                    (35) 

𝑀𝐹𝑒𝑤,𝑢

𝑝𝑞

= 𝑀∗
𝑝
𝑐𝑜𝑡𝐸∗

𝑝
𝑐𝑜𝑠𝐴∗

𝑝
                                                   (36) 

Here, 𝛿𝐼𝑧,
𝑝

 represents the zenith delay, and MF is the 

mapping function that converts    𝛿𝐼𝑧
.   into the delay 

along the path. 𝛿𝐼𝑛𝑠
.  and 𝛿𝐼𝑒𝑤

.  are the ionospheric 

gradient vectors-oriented north-south and east-west 

respectively. 

 

4.3. Observation Equation 

The observed equation can be expressed as follows 

by straightening the observing equations (Eqs.1-4) 

and updating the tropospheric and ionospheric 

delays [14-16]: 

[
 
 
 
 
𝜌̃𝐶𝐴,𝑢𝑘

𝑝𝑞

𝜌̃𝑃𝑌,𝑢𝑘

∅̃𝐿1,𝑢𝑘
𝑝𝑞

∅̃𝐿2,𝑢𝑘
𝑝𝑞

𝑝𝑞

]
 
 
 
 

=

[
 
 
 
 
𝜌𝐶𝐴,𝑢𝑘

𝑝𝑞

𝜌𝑃𝑌,𝑢𝑘

∅𝐿1,𝑢𝑘
𝑝𝑞

∅𝐿2,𝑢𝑘
𝑝𝑞

𝑝𝑞

]
 
 
 
 

− [𝑟
𝑢(𝑗)𝑘

𝑝𝑞
+ 𝑔

𝑢(𝑗)𝑘

𝑝𝑞
(−𝑢̃(𝑗)] 

−[(𝑀ℎ,𝑘
𝑝𝑞

𝛿𝑇𝑧ℎ,𝑘
. − 𝑀ℎ,𝑢

𝑝𝑞
𝛿𝑇𝑧ℎ,𝑢

. )]         

− [(𝑀𝑤,𝑘
𝑝𝑞

𝛿𝑇𝑧ℎ,𝑘
.

− 𝑀𝑤,𝑢
𝑝𝑞

𝛿𝑇𝑧ℎ,𝑢
. )]                                         (37) 

 

Using Eqs. (28), (33), and (36), the observation 

equation can be formulated as follows: 

 

𝑦𝑡

= 𝐻𝑡𝜃𝑡

+ 𝑣𝑡                                                                        (38) 

Where 

𝑦 ≡ [𝜌̃𝐶𝐴
𝑇 , 𝜌̃𝑃𝑌

𝑇 , ∅̃𝐿1
𝑇 , ∅̃𝐿2

𝑇 ]𝑇                                                       (39) 

𝐻 ≡ [𝐴, 𝐵, 𝐶, 𝐷]𝑇                                                                   (40) 

𝜃

= [𝑢𝑇 , 𝛿𝐼𝑇 , 𝛿𝑇𝑇 , 𝜆1𝑁𝐿1
𝑇 , 𝜆2𝑁𝐿2

𝑇 ]𝑇                                    (41) 

𝑣

= [𝑒𝐶𝐴
𝑇 , 𝑒𝑃𝑌

𝑇 , 𝛿𝑇𝑇 , 𝜆1𝜀𝐿1
𝑇 , 𝜆2𝜀𝐿2

𝑇 ]𝑇                                     (42) 

 𝑢 = [𝑥𝑢 , 𝑦𝑢 , 𝑧𝑢]𝑇                                                              (43) 

 

𝐴 

≡ [

𝐺
𝐺
𝐺
𝐺

]                                                                                (44) 

𝐵

≡

[
 
 
 
 
 
 

𝑀𝐼,𝑘

𝑓1
2

𝑓2
2 𝑀𝐼,𝑘

−𝑀𝐼,𝑘

−
𝑓1

2

𝑓2
2 𝑀𝐼,𝑘

𝑀𝐹𝑛𝑠,𝑘

𝑓1
2

𝑓2
2 𝑀𝐹𝑛𝑠,𝑘

−𝑀𝐹𝑛𝑠,𝑘

−
𝑓1

2

𝑓2
2 𝑀𝐹𝑛𝑠,𝑘

𝑀𝐹𝑒𝑤,𝑘

𝑓1
2

𝑓2
2 𝑀𝐹𝑒𝑤,𝑘

−𝑀𝐹𝑒𝑤,𝑘

−
𝑓1

2

𝑓2
2 𝑀𝐹𝑒𝑤,𝑘

−𝑀𝐹𝑛𝑠,𝑢

−
𝑓1

2

𝑓2
2 𝑀𝐹𝑛𝑠,𝑢

−𝑀𝐹𝑛𝑠,𝑢

−
𝑓1

2

𝑓2
2 𝑀𝐹𝑛𝑠,𝑢

−𝑀𝐹𝑒𝑤,𝑢

−
𝑓1

2

𝑓2
2 𝑀𝐹𝑒𝑤,𝑢

−𝑀𝐹𝑒𝑤,𝑢

−
𝑓1

2

𝑓2
2 𝑀𝐹𝑒𝑤,𝑢

]
 
 
 
 
 
 

 

 (45) 

 

𝐶

≡

[
 
 
 
 𝑀𝑤,𝑘

𝑀𝑤,𝑘

𝑀𝑤,𝑘

𝑀𝑤,𝑘

−𝑀𝑤,𝑢

−𝑀𝑤,𝑢

−𝑀𝑤,𝑢

−𝑀𝑤,𝑢

𝑀𝑇𝑛𝑠,𝑘

𝑀𝑇𝑛𝑠,𝑘

𝑀𝑇𝑛𝑠,𝑘

𝑀𝑇𝑛𝑠,𝑘

𝑀𝑇𝑒𝑤,𝑘

𝑀𝑇𝑒𝑤,𝑘

𝑀𝑇𝑒𝑤,𝑘

𝑀𝑇𝑒𝑤,𝑘

−𝑀𝑇𝑛𝑠,𝑢

−𝑀𝑇𝑛𝑠,𝑢

−𝑀𝑇𝑛𝑠,𝑢

−𝑀𝑇𝑛𝑠,𝑢

−𝑀𝑇𝑒𝑤,𝑢

−𝑀𝑇𝑒𝑤,𝑢

−𝑀𝑇𝑒𝑤,𝑢

−𝑀𝑇𝑒𝑤,𝑢]
 
 
 
 

          (46) 

𝐷 ≡ [

𝑂
𝑂
𝐼
𝑂

𝑂
𝑂
𝑂
𝐼

]                                                                          (47) 
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   𝛿𝐼 ≡

[
 
 
 
 
 
 
 
𝛿𝐼𝑧,𝑘𝑢

1

.
𝛿𝐼𝑧,𝑘𝑢

𝑛𝑠

𝛿I𝑛𝑠,𝑘

𝛿I𝑒𝑤,𝑘

𝛿I𝑛𝑠,𝑢

𝛿I𝑒𝑤,𝑢]
 
 
 
 
 
 
 

 ;      𝛿𝑇

≡

[
 
 
 
 
 
 
𝛿𝑇𝑧,𝑘

𝛿𝑇𝑧,𝑢

𝛿𝑇𝑛𝑠,𝑘

𝛿𝑇𝑒𝑤,𝑘

𝛿𝑇𝑛𝑠,𝑢

𝛿𝑇𝑒𝑤,𝑢]
 
 
 
 
 
 

                                   (48) 

 

G is a partial differentiator coefficient Procession 

  𝐺 ≡ [𝑔𝑢(𝑗)
12 , 𝑔𝑢(𝑗)

13 . . 𝑔𝑢(𝑗)
1𝑛𝑠

]
𝑇

                                    

(49) 

 

5. Kalman Filter 

To estimate the unknown vector θ, the Kalman filter 

is employed. The measurement equations presented 

in equation (37), along with the state equation, can 

generally be expressed as follows: 

𝜃𝑡+1 = 𝐹𝜃𝑡 + 𝑤𝑡   𝑡

= 0,1,2, … . . ,                                    (50) 

Here, F is a known matrix with appropriate 

dimensions. The Kalman filter is based on the 

assumption that the disturbances wt and θt  are white 

Gaussian processes, as follows [17]: Hence, wt and θt 

are considered to be white Gaussian processes, such 

that: 

 

𝐸{𝑤𝑡} = 0,   𝐸{𝑣𝑡}

= 0                                                        (51) 

 E{(
𝑤𝑡

𝑣𝑡
) (𝑤𝑠

𝑇 𝑣𝑆
𝑇)} 

=(
𝑄
0
0
𝑅
)𝛿𝑡𝑠                                         (52) 

𝐸{𝑤𝑡𝜃𝑠
𝑇} = 0,    𝐸{𝑣𝑡𝜃𝑠

𝑇} = 0    𝑠

≤ 𝑡                               (53) 

  𝜃0~ℵ(𝑥0̅̅ ̅, ⅀0)                                                                   (54) 

Next, the following is an example of the Kalman filter 

algorithm:  

a) Projected and Selected Approximations  

  𝜃̂t+1|t= F𝜃̂t|t                                                                                                                (55) 

 𝜃̂t|t=𝜃̂t|t-1+Kt[yt-H𝜃̂t|t-1]                                                    (56) 

b) Filter Gain (Kalman Gain) 

𝐾𝑡 = 𝑃𝑡|𝑡−1𝐻
𝑇[𝐻𝑃𝑡|𝑡−1𝐻

𝑇

+ 𝑅]
−1

                                    (57) 

c) Predicted and Filtered Error Covariance Matrices 

𝑃𝑡+1|𝑡

= 𝐹𝑃𝑡|𝑡𝐹
𝑇 + 𝑄                                                           (58) 

𝑃𝑡|𝑡

= 𝑃𝑡|𝑡−1

− 𝐾𝑡𝐻𝑃𝑡|𝑡−1                                                    (59) 

d) Initial Conditions 

𝜃̂0|−1 = 𝜃̅0, 𝑃0|−1

= ⅀0                                                        (60) 

 

6. Experimental Set up and Results 

The proposed positioning algorithms were tested 

using real time data from four receiver stations: 

AGRL, UCE, OU, Hyderabad, STA2 Hyderabad, CBIT, 

Hyderabad and KNL, India. These stations' 

coordinates are listed in Table 1. The estimating 

techniques used are technique 1: Ionospheric + 

Tropospheric zenith delays and technique 2:  

Ionospheric+ Tropospheric delays with gradients. The 

results obtained using technique 1 are indicated in 

the following sections as red colour line, whereas 

results obtained using method 2 are displayed as blue 

colour line. 

 

Table 1: The coordinates of receiver stations 

S.No. Station 

Name 

Latitude (deg) Longitude 

(deg) 

1 AGRL 17.40760 N          

78.51750E 

2 STA 17.41720 N 78.55090E 

3 CBIT 17.39210N 78.31950E 

4 KNL 15.790N 78.070E 

 

6.1 Results 

As shown in Table 2, the experiment made use of two 

different approaches and three datasets. To avoid 

multipath and other impacts on data points, an 

elevation angle less than 20 degrees were eliminated 

from all datasets using an elevation cut-off filter. 

Accord systems GPS/IRNSS/GAGAN receiver fitted 

with multi band antenna was utilized by every ground 

station. At 1 Hz sampling rate observations were 

acquired by these receivers, along with the L5 and S1 

carrier phases. 

 

Table 2: Details of experiments and dataset 

collected 

Dataset Station Experiment 

Date and Time 

A Rover STA1  
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Reference 

station 

AGRL  

September 20 

&21, 2022 

(0:00 – 

23:59:59)  

Baseline length 3.701 kms 

B Rover CBIT 

Reference 

station 

AGRL 

Baseline length 21.08 kms 

C Rover KNL 

Reference 

station 

AGRL 

Baseline length 186.082 

kms 

 

6.2 Results for the 3.701[km] baseline using Dataset 

A  

The results for dataset A, which has a short baseline 

of only 3.701 kilometers, are shown in Fig.3. The red 

colour line and blue colour line represent positioning 

error in East, North, and Up axes using method1 and 

method2.  The error is computed by subtracting the 

estimated positions from the reference position 

coordinates given in Table 1. The root mean square 

error (RMSE), standard deviation, and mean of error 

details of the positioning results are compiled in Table 

3. The temporal range that the data analysis examines 

in this figure is 86400 seconds. Fig.3 shows error in 

east, north and up direction is highly dynamic during 

the initial period of time, later it has become almost 

constant.  

From the results, it shows that positioning error in Up 

direction is more compared to east and north 

directions. Moreover, method 2 is reducing the RMS 

of position error from 0.0368m to 0.0135m (Table 3).   

 

 
Figure 3. Error in ENU coordinates for 3.701 kms 

base line measurements 

 

Table 3. Statistics of error in ENU coordinates for 

3.701 kms base line measurements 

S.No. Method Direction Error(m) Std.(m) RMS(m) 

1 Method1 E 0.0300 0.0059 0.0315 

N -0.0005 0.0016 0.0016 

U -0.0301 0.0194 0.0368 

2 Method2 E 0.0027 0.0028 0.0044 

N 0.0006 0.0012 0.0012 

U 0.0098 0.0107 0.0135 

 

6.3 Results for the 21.08 kms baseline using Dataset 

B   

Fig. 4 presents the results for a medium baseline of 

21.08 kilometers, which brings us back to dataset B. 

As indicated in the previous figure, the positioning 

error in local level axes (East, North, and Up) is shown 

by red line and blue line. As previously, the estimated 

positions were differenced by the reference positions 

listed in Table 1 to determine these inaccuracies. Let's 

now look at Fig. 4, which shows the Easting, Northing, 

and Up (ENU) errors for a 21.08 kilometer longer 

baseline. 

The positioning error results statistics are summed up 

in Table 4. The data under analysis covers a time 

interval of 86400 seconds. 

From Fig.4, it is noticed that method 1 and method 2 

performance in North direction is approximately 

same, and RMS error is more in Up direction as 

indicted in the short baseline results (Table 4).    

 

 

 
Figure 4. Error in ENU coordinates for 21.08 kms 

base line measurements 

 

Table 4. Statistics of error in ENU coordinates for 

21.08 kms base line measurements 
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S.No. Method Direction Error 

(m) 

Std. (m) RMS(m) 

1 Method1 E -0.0013 0.0026 0.0105 

N 0.0006 0.0014 0.0013 

U -0.0024 0.0128 0.0246 

2 Method2 E 0.0012 0.0018 0.0021 

N 0.0005 0.0015 0.0076 

U 0.0040 0.0057 0.0084 

 

6.4 Results for the 186.082 kms baseline using 

Dataset C   

The results for dataset C, which has the longest 

baseline at 186.082 kilometers, are likewise displayed 

in Figure 5. In keeping with the earlier 

representations, the local East, North, and Up axes 

positioning errors are shown by blue lines and red 

lines. These errors were calculated, much like for the 

other datasets, by subtracting the estimated 

positions from the reference positions given in Table 

1. Table 5 provides statistics of positioning error 

results for dataset C. It's crucial to remember that the 

dataset's analyzed data spans from 0 to 86400 

seconds. 

Figure 5. Error in ENU coordinates for 186.082 kms 

base line measurements 

 

Table 5. Statistics of error in ENU coordinates for 

186.082 kms base line measurements 

S.No. Method Direction Error 

(m) 

Std.(m) RMS(m) 

1 Method1 E -0.0078 0.0146 0.0162 

N 0.0013 0.0037 0.0038 

U -0.0295 0.0419 0.0489 

2 Method2 E 0.0015 0.0051 0.0057 

N 0.0014 0.0043 0.0034 

U -0.0148 0.0156 0.0196 

 

The results of the studies showed that focusing on the 

delays of the ionospheric and tropospheric gradients 

across different baselines was very useful for 

calculating them. This was particularly useful for the 

ionosphere, which has a tendency to be highly active.    

 

7. Conclusions 

The relative positioning methods that were 

presented in this paper estimate the gradients of 

ionospheric and tropospheric delays. Further, the 

Kalman filter is used to implement the proposed 

methods. The algorithms are tested with real-time 

data of NavIC receiver stations of different base line 

lengths. For all baseline length short, medium and 

long baseline lengths RMS (in meters) is high in up 

direction using method1 and method2. According to 

our experimental findings, the suggested technique 

with gradient estimation produces more accurate 

position than those without it when operating in 

static situations. 
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